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Abstract
When the number of non-triangular faces adjacent to a vertex v is less than or equal to
three, the vertex v will be called (combinatorially) rigid. We study the number of rigid
vertices and suggest a conjecture on a classification of polyhedra.
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1. Introduction
A polyhedral graph P is a planar graph given by the 1-skeleton of a strictly-convex
Euclidean polyhedron. Equivalently, a polyhedral graph is a 3-connected planar graph
with no loops and multiple edges by Steinitz’s theorem (for a reference, see [Zi]). In this
article, a strictly-convex Euclidean realization of a polyhedral graph is called simply by a
polyhedron. We assume that the ambient space containing polyhedral graphs is a 2-sphere
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and we say that two polyhedral graphs are the same if there is a plane isotopy between
them.
The non-triangular degree of a vertex v is the number of non-triangular faces adjacent
to v. A vertex v of P is combinatorially rigid if the non-triangular degree of v is less
than or equal to 3. Note that this definition is given purely combinatorially but the
property is related to a rigidity phenomenon of spherical vertex figures of a geometric
3-dimensional polyhedron (See Section 2). For the sake of convenience, we will omit the
term ‘combinatorially ’ in the article unless necessary.
An important and direct consequence from the definition of a rigid vertex is Lemma
2.2: there exists a rigid vertex for any polyhedral graph. The same combinatorial idea was
also used in Lemma 18, [Mo] and the similar statement however might have previously
appeared although the authors couldn’t find an earlier reference.
We would like think about the notion of a rigid vertex as follows. If P is simple or
simplicial which means that all vertices are 3-valent or all faces are 3-gonal respectively,
then all vertices in P are obviously rigid. A question naturally aries : how many non-rigid
vertices can be in a polyhedral graph? In summary, our study shows that if we restrict
the number of rigid vertices, it is also restrictive to find distinct polyhedra and so we ask
a question in Conjecture 1.4 whether there are only finite irreducible polyhedra under
the fixed number of rigid vertices. We expect that the study on rigid vertices may help to
understand polyhedral graphs as how far it is from both extremes: simple and simplicial.
Here is the first main result of classifying polyhedral graphs by the number of rigid
vertices.
Theorem 1.1. Let Pk be the set of polyhedral graphs with k rigid vertices. Then we get
the following classification.
1. For k ≤ 3, Pk is the empty set.
2. P4 has only one element, the tetrahedron.
3. P5 has only two elements, the 4-gonal pyramid and the 3-gonal bipyramid.
4. For a positive integer k ≥ 6, Pk is infinite.
Pk for k ≤ 3 P4 P5 Pk for k ≥ 6
∅ , infinite
Figure 1: There are only three polyhedra if the number of rigid vertices is less than 6.
We obtain two additional results as follows, which will be discussed in Section 4.
Theorem 1.2. If a polyhedron has fewer than 9 vertices, then all vertices are rigid.
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Theorem 1.3. A Euclidean convex polyhedron with regular faces has only rigid vertices.
In the proof of Theorem 1.1, we glue two polyhedra together along a face in order to
obtain an infinite family of polyhedra with fewer than a fixed number of rigid vertices.
We predict that this is an essential way to produce an infinite number of polyhedra with
the number of rigid vertices fixed. Let us see the statement more precisely.
A polyhedral graph P is reducible2 if P is the 1-skeleton graph of a polyhedron
obtained from two polyhedra glued together along a face and P is irreducible otherwise.
From the point of view of planar graphs, P is reducible means that P is decomposed into
P1 and P2 along a separating edge-path cycle. When we consider an edge-path cycle C
on P , there are two connected regions separated by C. For P1 and P2 to be polyhedral
graphs, there is an adjacent edge toward each region at each vertex in C. Hence all
vertices in separating cycle should be at least 4-valent.
Note that irreducibility is combinatorial. More precisely, if we consider a separating
cycle in a realization, it may be coplanar or not, i.e. P = P1 ∪ P2 and the intersection
P1 ∩ P2 is a planar n-gon or a convex hull of the separating cycle which has a positive
volume as in Figure 2.
P = P1 ∪ P2, P1 ∩ P2 =
Figure 2: A reducible polyhedron P is decomposed into P1 and P2, where the seperating
cycle is not coplanar.
For a reducible polyhedron, we can increase the number of non-rigid vertices to an
unlimited extent under the restriction of the number of rigid vertices, as attaching an
intermediate n-gonal prisms along the separating cycle, as in Figure 5. But it is not easy
to produce different polyhedral graphs of fixed number of rigid vertices if we restrict to
only irreducible polyhedra. We checked this prediction through further classifications as
in Remark 3.9. Let P irrk be the set of all irreducible polyhedral graph with k rigid vertices.
We conjecture the following.
Conjecture 1.4. Each P irrk is finite.
Finally, we present the following classification table by Theorem 1.1 and Remark 3.9.
2It might be better to use the term decomposable. But the term decomposable is already used in
several areas. Typically, it has been commonly used in the sense of Minkowski sums. Even in rigidity
context like [CS], it is also used for a special kind of non-convex polyhedra which can be decomposed
into tetrahedra without adding vertices. Therefore we will use the term reducible.
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P irr4 P irr5 P irr6 P irr7 · · ·
, , ,
finite?
or
infinite?
?
Figure 3: |P irr≤3| = 0, |P irr4 | = 1, |P irr5 | = 1 and |P irr6 | = 4.
2. Combinatorially rigid vertex and spherical figure at a vertex
In this section, we briefly review the relation between combinatorially rigid vertices
and geometric realizations of polyhedral graph. Many parts are from the authors’ other
paper [CK]. Let V , E and F be the number of vertices, edges and faces respectively. Let
Vk or Fk the the number of k-valent vertices or k-gonal faces respectively. Let us begin
with reviewing a well-known lemma (for example, see p.237 [Gr]).
Lemma 2.1. For every polyhedral graph P , we have
V3 + F3 =
∑
n≥5
(n− 4)(Vn + Fn) + 8.
Proof. Each edge is adjacent to vertices and faces exactly twice respectively. Hence we
get
2E =
∑
n≥3
nVn =
∑
n≥3
nFn. (1)
Recall Euler’s polyhedron formula V − E + F = 2 and the following completes the
proof.
V3 + F3 = 4E − 4V − 4F + V3 + F3 + 8
=
∑
n≥3
nVn +
∑
n≥3
nFn − 4
∑
n≥3
Vn − 4
∑
n≥3
Fn + V3 + F3 + 8
=
∑
n≥5
(n− 4)Vn +
∑
n≥5
(n− 4)Fn + 8
The following existence result is an easy consequence of the above lemma; it is a
starting point of the whole story.
Lemma 2.2. For every polyhedral graph P , there always exists a rigid vertex.
Proof. Suppose there is no rigid vertex. It is obvious that V3 = 0 and all vertices meet
at most deg(v)− 4 triangle faces. Therefore we get
0 < 3F3 ≤
∑
n≥5
(n− 4)Vn
4
This inequality contradicts the following inequality obtained by Lemma 2.1.
F3 ≥
∑
n≥5
(n− 4)Vn + 8
The following lemma shows that a combinatorially rigid vertex is actually a rigid
neighborhood in a geometric 3-space like Euclidean, hyperbolic or spherical 3-space.
Lemma 2.3. Let P and Q be two polyhedra of the same polyhedral graph where corre-
sponding dihedral angles coincide. If a vertex v is combinatorially rigid, then there is an
ambient isometry φ which transforms between sufficiently small neighborhoods at v, i.e.
φ : B(v(P ))→ B(v(Q)).
As an application of rigid vertices, we can prove the following rigidity theorem using
an essentially different method from Stoker’s proof.
Theorem 2.4 (J. Stoker [St] ). Let P be a polyhedral graph. If its edge lengths and
dihedral angles are given, then all strictly-convex realizations are isometric to each other.
We omit the proofs for Lemma 2.3 and Theorem 2.4 because it would digress from
the subject. Moreover we remark that combinatorially rigid vertices can be enhanced to
deal with non-convex cases, called strong-rigid vertex. See [CK] for the proofs and the
other details.
3. A classification of polyhedral graphs by the number of rigid vertices
This section is devoted to the proof of Theorem 1.1. For the sake of convenience, let
us introduce new notation V rig and V non which denote the number of rigid vertices and
non-rigid vertices respectively. For example, V3 = V
rig
3 and V4 = V
rig
4 + V
non
4 . We say
a vertex v is totally triangular if all adjacent faces are triangles. Let us begin with the
following lemma.
Lemma 3.1. For every polyhedral graph, the following inequality holds.
8− V rig ≤ F3 ≤ 2V rig − 4.
Proof. The left inequality is obtained by V rig + F3 ≥ V3 + F3 ≥ 8. When we count the
maximal number of triangles at a vertex v of deg(v) = n, there are at most n or (n− 4)
triangles for a rigid or nonrigid vertex respectively. Therefore the total maximal number
is 3V3 + 4V
rig
4 + 5V
rig
5 + · · ·+ V non5 + 2V non6 + 3V non7 + · · · . Since the counting is triply
redundant because each triangle has three corners, so we have
3F3 ≤ 3V3 + 4V rig4 + 5V rig5 + · · ·+ V non5 + 2V non6 + 3V non7 + · · ·
= 4(V3 + V
rig
4 + V
rig
5 + · · · ) + (V5 + 2V6 + 3V7 + · · · )− V3
= 4V rig − V3 +
∑
n≥5
(n− 4)Vn.
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As applying the inequality F3+V3 ≥
∑
n≥5 (n− 4)Vn+8+4V rig−4V rig from Lemma
2.1, we get
F3 ≥ 4V rig − V3 +
∑
n≥5
(n− 4)Vn + 8− 4V rig ≥ 3F3 + 8− 4V rig
and it proves the right inequality.
The above Lemma gives the following theorem immediately.
Theorem 3.2. Every polyhedral graph has at least four rigid vertices. Therefore Pk is
the empty set for k = 0, 1, 2, 3.
Proof. 8− V rig ≤ 2V rig − 4 in Lemma 3.1 implies V rig ≥ 4.
We introduce a criterion using the number of rigid vertices so as to determine whether
a polyhedral graph is a tetrahedron or not. The following lemma plays a crucial role in
the classification.
Lemma 3.3. For a polyhedral graph P , the following two inequalities hold simultaneously
if and only if the polyhedron P is a tetrahedron.
(a) −2V3 + 4V rig +
∑
n≥5 (n− 4)Vn < 3F3
(b) V rig4 + V
rig
5 + V≥6 < 3.
Proof. If P is a tetrahedron, the two inequalities are satisfied trivially. Let us prove the
converse. The first inequality (a) implies that a totally triangular 3-valent vertex exists
in P . If there is no totally triangular 3-valent vertex, then the 3-valent vertices V3 have
at most two adjacent triangles. So we have
3F3 ≤ 2V3 + 4V rig4 + 5V rig5 + · · ·+ V non5 + 2V non6 + 3V non7 + · · ·
= 4V rig +
∑
n≥5
(n− 4)Vn − 2V3.
x
y zv
Figure 4: Neighborhood of a totally triangular vertex v
This contradicts (a). Now, let us look at a totally triangular 3-valent vertex v and the
neighboring vertices x, y and z as in Figure 4. Each vertex of them meets at least two
triangle faces and hence contribute to V rig4 , V
rig
5 or V≥6. If inequality (b) holds, at least
one of x,y and z should be 3-valent. However, if one or two vertices of x, y and z are
3-valent, the planar graph of P cannot be 3-connected. Therefore, it contradicts Steinitz’s
theorem unless x,y and z all are 3-valent. This implies P itself is a tetrahedron.
6
Theorem 3.4. If a polyhedral graph P has four rigid vertices, then P is a tetrahedron.
Proof. Let us assume that V rig = 4. Then we get F3 = 4 by Lemma 3.1. The following
inequalities from Lemma 2.1,
4 + 4 ≥ V3 + F3 =
∑
n≥5
(n− 4)Vn +
∑
n≥5
(n− 4)Fn + 8 ≥ 8
should be equalities. We have V5 = V6 = V7 = · · · = 0 and F5 = F6 = F7 = · · · = 0, so
V rig5 = 0. Moreover we get F3 = V3 = 4 and hence V
rig
4 = V
rig − V rig3 = 0.
Therefore, the two conditions of Lemma 3.3 are satisfied and it implies that the
polyhedron P is a tetrahedron.
Before analyzing the cases for P5, we need some preparation. For P ∈ P5, we have
the following propositions.
Proposition 3.5. For a polyhedral graph P with five rigid vertices, we have
V≥5 = F≥5 = 0.
Proof. If there is a vertex or a face of degree greater than 4, then∑
n≥5
(n− 4)Vn +
∑
n≥5
(n− 4)Fn > 0 (2)
and we will see this induces a contradiction. At first, by the above inequality (2), we get
V3 ≤ V rig < 6 ≤ 2
∑
n≥5
(n− 4)Vn + 3
∑
n≥5
(n− 4)Fn + 4.
It implies the following by adding −3V3 +
∑
n≥5 (n− 4)Vn + 4V rig to both sides,
−2V3 + 4V rig +
∑
n≥5
(n− 4)Vn < 3
∑
n≥5
(n− 4)Vn + 3
∑
n≥5
(n− 4)Fn + 24− 3V3 = 3F3.
Hence we get that condition (a) of Lemma 3.3 always holds. Secondly, by V rig = 5 and
Lemma 3.1, we know
3 ≤ F3 ≤ 6 and 2 ≤ V3 ≤ 5. (3)
This implies that ∑
n≥5
(n− 4)Vn +
∑
n≥5
(n− 4)Fn ≤ 3. (4)
Also from the equality (1) in the proof of Lemma 2.1, we have
V3 + V5 + V7 + · · · ≡ F3 + F5 + F7 + · · · ≡ 0 (mod 2) (5)
If V3 = 2, then F3 = 6 by Lemma 2.1 but this contradicts the inequality (2). If V3 = 3,
then F3 = 6 and V5 = 1 by formula (5) and V≥6 = 0 by Lemma 2.1. Hence we know
V rig4 +V
rig
5 = 2 and condition (b) of Lemma 3.3 holds. If V3 ≥ 4, then V rig4 +V rig5 ≤ 1 and
V≥6 ≤ 1 by the inequality (4). This also satisfies condition (b). Therefore assumption (2)
implies the two conditions of Lemma 3.3 simultaneously, hence P should be a tetrahedron
but this contradicts the assumption of five rigid vertices.
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Proposition 3.6. There are only two possibility for P on P5 as follows.
(i)
(
V3 = 2, V4 = n+ 3, V≥5 = 0
F3 = 6, F4 = n, F≥5 = 0
)
for some n ≥ 0
(ii)
(
V3 = 4, V4 = n+ 1, V≥5 = 0
F3 = 4, F4 = n+ 1, F≥5 = 0
)
for some n ≥ 0
where n is the number of non-rigid vertices.
Proof. From formula (5), we can derive that V3 and F3 should be even numbers. By
inequalities (3) and V3 + F3 = 8 from Proposition 3.5, the only possibility is (V3 =
2, F3 = 6) or (V3 = 4, F3 = 4), and then we can compute the relation between V4 and
F4 using the equality (1).
Now we can clarify the elements of P5.
Theorem 3.7. There are only two polyhedral graphs with 5 rigid vertices. One is a
4-pyramid and the other is a 3-bipyramid.
Proof. At first, let us check the case of V3 = 2, F3 = 6. All triangles are adjacent to only
rigid vertices since a non-rigid 4-valent vertex should not be adjacent to any triangle, i.e.
3F3 ≤ 3V3 + 4V rig4 = 3 · 2 + 4 · 3 = 18 = 3F3.
The above inequality is an equality and it means that all rigid vertices cannot meet
any 4-gonal face. So if there is a 4-gonal face, it meets only 4-gonal faces. Since P is
connected, there is no 4-gonal face and the only possibility is the 3-gonal bipyramid.
Secondly, for the case of V3 = 4, F3 = 4 the second condition of Lemma 3.3 holds as
follows,
V rig4 + V
rig
5 + V≥6 = 1 + 0 + 0 < 3.
Therefore there is no totally triangular 3-valent vertex in this case and each 3-valent
vertex has at most 2 adjacent triangles. Similarly,
3F3 ≤ 2V3 + 4V rig4 = 2 · 4 + 4 · 1 = 12 = 3F3,
and hence every 3-valent vertex meets exactly one 4-gonal face and two triangles. There
are a single rigid 4-valent vertex which meets only triangles and n non-rigid 4-valent
vertices that meet only 4-gonal faces, so non-rigid vertices are not connected to rigid
vertices. The connectedness of P implies n = 0, and hence there are only four 3-vertices,
one rigid 4-valent vertex, four triangles and one 4-gonal face. Therefore P must be a
4-gonal pyramid.
If there are more then 5 rigid vertices, it is easy to construct infinitely many polyhedra
as follows.
Theorem 3.8. For k ≥ 6, Pk has infinitely many combinatorial types.
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Figure 5: Iterated 3-gonal prisms
Proof. For P6, there is a sequence of polyhedra with exactly 6 rigid vertices, called
iterated 3-gonal prisms. If k ≥ 7, we can consider a local move which decomposes a
triangle to three triangles and makes a new totally triangular 3-valent vertex,
If this move is applied to a triangle adjacent to only rigid vertices, the number of rigid
vertices increases by only one. Therefore, we can make an infinite family in Pk for each
k ≥ 7 from the iterated prisms in P6.
Remark 3.9. In fact, the authors also checked all combinatorial types in P6. There are
only a finite number (exactly six polyhedra with 6 vertices) of combinatorial types except
the above iterated 3-gonal prisms. Since there are only 7 polyhedra with 6 vertices (see
[Du] for the classification of polyhedral graphs by the number of faces, which is dual to
our cases),
P6 = { irreducible polyhedral graph with 6 vertices} ∪ { iterated 3-gonal prisms}.
The proof of this classification of P6 is similar to Theorem 3.7, but it is much more
complicated and tedious. We don’t present the proof in this article.
4. Additional results on rigid vertices
4.1. A lower bound
From the results in the previous section, one may observe that every polyhedron in
Pk for k = 4, 5, 6 does not have any non-rigid vertex except iterated 3-gonal prisms. We
can get an exact lower bound of the numbers of vertices if it has a non-rigid vertex.
Theorem 1.2 is an immediate consequence as a contraposition.
Theorem 4.1. Let Pnon be the set of polyhedral graphs with a non-rigid vertex. Then,
min{V (P ) | P ∈ Pnon} = 9,
where V (P ) is the number of vertices in P .
Proof. Let us define i-star of v, denoted by sti(v), as the union of i-cells adjacent to v. Let
us consider a Euclidean strictly-convex realization for a given polyhedral graph P . For a
non-rigid vertex v, let us consider st2(v). All vertices in st2(v) are distinct because P can
be realized as an intersection of half spaces in Euclidean space. Since v is non-rigid, there
are at most deg(v)−4 triangles. Since V (st2(v)) should have at least 10 vertices unless v
is 4-valent and adjacent to only 4-gonal faces, we have min{V (P ) | P ∈ Pnon} ≥ 9. We
already know an example of V (P ) = 9 which is the doubly iterated prism in P6.
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4.2. Regular faced polyhedra and rigid vertices
Sometimes, we may consider a certain kind of special polyhedra with symmetry or
transitivity. If we check the enumeration lists of such polyhedra, we may recognize non-
rigid vertices are very rare. For example, let us consider a Euclidean strictly-convex
polyhedron with all regular faces. There is a complete classification: 5 Platonic solids,
13 Archimedean solids, an infinite number of prisms and anti-prisms and 92 Johnson-
Zalgaller solids(see [Jo]). One can check the list one by one in order to prove Theorem
1.3, but we can prove it easily as follows.
Proof of Theorem 1.3. The facial angle of a n-gonal regular face is (n−2)pin . Suppose that
there is a non-rigid vertex v, then v is adjacent to at least four non-triangular faces.
Total angle sum at v ≥
deg f≥4∑
f3v
(deg f − 2)pi
deg f
≥ 4 · pi
2
= 2pi
This contradicts convexity.
Since all polyhedral graphs which are vertex- or edge- transitive have regular faced
Euclidean realizations(see [Fl]), we get the following corollary.
Corollary 4.2. If a polyhedral graph is vertex- or edge- transitive, then all vertices are
rigid.
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